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1 Introduction

1.1 Motivation

People can never fully comprehend the quality and the circumstances of a
city until they experience a significant part of their life living in that city.
Information on physical amenities of a city (i.e., weather, parks, museums,
crime, traffic jams) is easily acquired by both consumers and researchers,
so there is institutional and academic work on the quality of life in cities.
However, people cannot completely ensure that they choose the right city
or location within the city for their family before they start experiencing
life there. For example, there could be uncertainty about the quality of
schools, congestion of commuting routes contingent on resident and business
location, or even major highway closures. Current occupants of the city, or
people with friends living in the city, might have information that others
don’t have. Moreover, even though the current environment of the city can
be understood, it is not surprising that the future developments of cities are
not known with certainty, but might be known better by current occupants.?

On the one hand, information about life in a city is reflected in the de-
mand for and thus the price of housing in the city.? Since people are rational
in understanding and using the relationship associating a specific state of
nature with a specific equilibrium price, depending on what model people
have in mind for how equilibrium prices are determined, the price of housing
can be a signal for people in choosing a city best suited to their life style.

Recall that the concept of rational expectations equilibrium requires agents

For example, Rosen (1979), Roback (1982), and Blomquist, Berger, and Hoehn (1988)
develop the quality of life index for urban areas (QOLI), that measures or implicitly prices

the value of local amenities in urban areas.
2For example, Cronon (1991) discusses the success of Chicago in surpassing other com-

petitive cities, such as St. Louis, in the early development of the Midwest.
3Tt can also be reflected in wages, but for simplicity we focus on rent.



to use models that are not obviously controverted by their observations of
the market. Therefore, the question of whether the price of housing can play
a significant role in transmitting information from informed people to unin-
formed people not only addresses the question of the efficiency of housing
markets, but is also related to the issue of the existence of rational expecta-
tions equilibrium in urban economics.

Available information is utilized by agents in a rational expectations equi-
librium, especially the information conveyed by equilibrium prices. Radner
(1979) shows that in a particular asset trading model, if the number of states
of initial information is finite then, generically, rational expectations equilib-
ria exist where all traders’ private initial information is revealed. In contrast
to Radner’s model, that fixes state-dependent preferences and then focuses
on the information concerning traders’ conditional probabilities of various
events, Allen (1981) considers a space of economies that is defined by state-
dependent preferences and confirms Radner’s conclusion in that context.
When state space is infinite, Allen (1981) shows that the generic existence of
fully-revealing rational expectations equilibria depends on the condition that
the price space must have at least as high a dimension as the state space.
Jordan (1980) considers a model where information revealed by endogenous
variables can be affected by expectations, and then characterizes the data
that allow the generic existence of rational expectations equilibria. Jordan
concludes that unless the public prediction is based on a very narrow class of
data, a statistically correct expectation may fail to exist even for otherwise
well-behaved economies.

The existence of rational expectations equilibria where prices do not fully
reveal the state of nature motivates the development of this paper. As shown
in standard general equilibrium models in literature, fully revealing rational

expectations equilibrium demonstrates the efficiency of market prices in infor-



mation transmission. The cases where the rational expectations equilibrium
is not fully revealing are more interesting, for they admit a positive value of
private information (that cannot be learned by observing prices) and space for
discussing purchases of and strategic behaviors using private information. In
opposition to standard models, this paper focuses on the generic existence of
non-fully revealing rational expectations equilibrium. In contrast with Allen
(1981), who proves the existence of an open and dense subset of economies
that possess fully-revealing rational expectations equilibria in the standard
general equilibrium model, this paper shows that the analogous result does
not hold in urban economies. An open subset of economies is found, where
all the rational expectations equilibria of these economies do not fully reveal
private information.

Though in different settings, the common intuition behind these economies
is consistent. First of all, households’ bid rents reflect their ex ante valuations
for housing, and the expected valuations reflect households’ information (and
their prior distributions) about the states. However, the equilibrium bid rent
reveals only the winner’s valuation, instead of being determined by all house-
holds’ valuations. Therefore, in urban economics, the equilibrium price of
land reflects only the ex ante valuation and the information of the household
with the highest willingness-to-pay for a location. Conversely, the standard
general equilibrium model has aggregate excess demand that is dependent
on every household’s demand. This generates complete information revela-
tion in equilibrium generically, if there are enough prices. The difference
between the models is due to the standard assumption in urban economics
that each person can be in only one place at one time. In this circumstance,
the equilibrium price might not fully reveal households’ private information,
even if there are many prices and few states. For example, if in equilibrium

a household living in one location has information about another location,



this information might not be verified in equilibrium rents.

The other important component, that yields an open set of economies
with not all information revealed in equilibrium, concerns perturbations of
utility functions. The set of states affecting utility of households living in one
location is assumed to be different from the set of in another location; in other
words, we use a product structure in state space. This is what we mean when
we say information is local. Thus, when we consider perturbations of utility
functions, we do not allow the utility of households living in one location to
depend even a little on states belonging to other locations. This is what we
mean when we say perturbations are spatially local.

The model that we present covers both within-city locations and the com-
parison of different cities, though the latter case is the focus of this paper.
This paper is organized as follows: Two explicit examples give the intuition
behind the non-existence of fully-revealing rational expectations equilibrium
in Section 2. For generic results, in Section 3, we find an open subset of
economies with no fully-revealing rational expectations equilibrium, provided
that perturbations are spatially local. In Section 4, the existence of ratio-
nal expectations equilibrium is demonstrated. When all information is local,
there exists a unique non-fully revealing rational expectations equilibrium.
When all information is not local, there exists a fully-revealing rational expec-
tations equilibrium. When spatially non-local perturbations are considered,
the results are the same as the ones in standard general equilibrium models,
namely generic existence of fully revealing rational expectations equilibrium.

In this case, generically information is not local.

2 The Examples

Before stating formally and proving the results, let us examine a few

examples. In the first example, one of the households has full informa-
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tion, whereas the other has no information. In the second example, both
households have partial information about the states of nature in different
locations. In both examples, the equilibrium prices are the same in differ-
ent states, and hence illustrate an economy where the rational expectations
equilibria do not fully reveal the private information of households. Exam-
ples similar to these appear in the literature on rational expectations in the
standard general equilibrium model, though in that literature they belong to

the complement of a generic set, and have a very different flavor.

2.1 The Framework

Suppose there are two households indexed by 7 = 1,2 and two cities, named
x and y, with fixed land supply of ¥ and ¥, respectively. We consider the
case where consumers obtain different utility from living in = or living in
y. These could either be areas within a city or two different cities. Beside
locations, each household has to choose the lot size of his/her house in city
k, denoted by sji, and the consumption of composite good z;,, k = ,y,
jJ = 1,2. Since it is impossible to consume a house at the same instant in
two locations, sj, > 0 implies s;, = 0, and s;, > 0 implies s;;, = 0. To
placate urban economists, we shall introduce a commuting cost, but all of
our arguments hold when commuting cost is set to zero and there is only a
utility difference between locations. Consider city x as a core-city and y as
a periphery-city. Following Fujita, Krugman, and Venables (2001), there is
only commuting from y to . Denote the unit commuting cost to be t and
suppose that the distance between two cities is 1. Then household j has a
consumption of composite good z;;, in city k, and bears a commuting cost
T,=0inxzorT,=tiny.

There are two states in each city, w, € ) = {H,L}, k = z,y, rep-

resenting preference differences in our model, each realized with a prob-



ability 1/2. Furthermore, the states in the two cities are not correlated.
What each agent observes are events that are subsets of 2 = Q, x Q. De-
note w = w, X wy, to be the element in 2. Suppose that household 1 has
no information, and household 2 knows what the state will be. That is,
households’ information are represented by F; = {¢,,} x {¢,Q,}, Fo =
{6, {H},{L}, 2} x {o,{H}, {L},Q,} which are sub-o-fields of F, where
F = F1 V F; is the smallest o-field generated by the class F; | J F» of sub-
sets of Q = {HH,HL, LH, LL}.* Everything except the true state is com-
mon knowledge, so households are assumed to know the relationship between
states and prices.

Suppose also that household 1’s utility is state-dependent but the utility
function of household 2 is independent of states. To focus on an exchange
economy, standard in both rational expectations general equilibrium and
urban economics models, suppose that every household earns a fixed income
Y of composite good. Let p, denote the price per unit of land in city k,
k = z,y, and normalize the price of freely mobile composite consumption
good to be 1. Households can augment their private information by and
only by using the information conveyed by prices.® The rents are collected
and consumed by one landlord who owns all the land and whose utility is
ur(SLes SLy, 21,) = 2z, in all states. The landlord is endowed with an inelastic
supply of housing in both cities.

Each household can consume housing in only one city. In state w, given

(Sjzs Sjys Zjzs Zjy), the ex post utility function of household j is

U5 (2, Sjys Zjx, 2jy) = max{ay In(s;.) +In(zj.), B In(sjy) +In(zjy)},

4Following Aumann (1976), the join F; V Fa denotes the coarsest common refinement

of .7:1 and .7:2.
When households condition their expectations on additional market variables, the

equilibrium concept is defined as a generalized rational expectations equilibrium; see Allen

(1998).



w € . Given information structure i, the superscripts of household 1’s allo-
cation can be ignored for simplicity. The optimization problem for household
1 is to maximize expected utility subject to the budget constraint:®

max Eul(slwu S1y, 21z Zly‘fl>
S1xz,S1y,”1z,%1y

= max{E[a} In(s1,) + In(z1,)|F1], E[GT In(s1y) + In(z1,)|F1]}
S1
t PuSia . W oy <y,
S PzS1 +py81y + zZip + 21y + 510 + S1y >

sigsu =0, s1p2u =0, 215211 =0,

S1k, %1k Z 07 Vkvl =T,Y, k # l7

In contrast, since household 2’s utility is state-independent, his/her opti-
mization problem is for all w € Q

W W w w w
max Ug (82m7 S2y7 292 Z2y)

W W LW LW
82x782y’z2x’z2y

= max{ay In(s,) + In(z3;), f;In(s3,) +mn(25,)}

85

w w w w r Y |

s.t. PxSo, +py82y + 25, + Zoy + W t < Y,
2x 2y

w w w w w w
Sop Sop = 0, 85 25 = 0, 29y 29) = 0,

Sajk,z(;k Z O, Vk,l :I,y, k % l

Given a price p = (p§, p; ), the information that it conveys to all agents is
denoted by o(p), the sub-o-field of F generated by the vector-valued random
variable p. Denoting U* = (¢, ¢,) = (U5, 1), (5, 1)), ¢4 = (05, %) =
(5, 250), (s, 297)), 7 = 1,2, o7 = 277, letting consumers have the same
state-independent endowments ¥ = Y and the landlord own (Z,%), and
letting 1 denote a countably additive probability measure defined on (92, F),

following Allen (1981), the concept of rational expectations equilibrium is

formally defined as follows.

6The ceiling function, denoted by 767, is defined by the smallest integer greater than
or equal to 6, i.e., "0 = min{n € Z|# < n}. Notice that "—=£—" can be either 0 or 1,

S1z+S1y

depending on whether household 1 lives in city z or y.
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Definition 1 A rational expectations equilibrium is defined as an equivalence
class of F-measurable house price functions ¥* : Q — R, and for each
Jj = 1,2, an equivalence class of F; V o(¥*)-measurable allocation functions
@;:Q — R2 URZ such that

(i) Y - o5 <Y =Ty, for p-almost every w € Q;

(i) If ol + Q — R satisfies the informational constraint that @y, is Fj V
o(V*)-measurable and the budget constraint that 3" @5, <Y — T for p-

almost every w € ), then

/Qu;‘-’(w;) dp(w|F; Vo (V7)) < /Qu;‘-’(w;*) dp(w|F; Vo (¥)), Vi =1,2,L;

(Z%)EJ | S =k, Zg 1 %in +Zg 2y T S g pr Sy

51 T5%y 85,185,

2Y, and s§ysit = 0, sz =0, 24027 =0, Vk ==y, k#I for

p-almost every w € 2.

It can be seen that [, us(p;) du(w|F; V o(¥*)) is household j’s expected
utility of choosing ¢;, based on private information and the information given
by U*.

This is the minimal perturbation of the standard general equilibrium
model necessary to make it compatible with urban economics, i.e., it is the
standard general equilibrium model that restricts each consumer to own hous-
ing in one and only one location. In what follows, we will solve for a bid rent
equilibrium, that is equivalent to the solution of a standard market equi-
librium. This device is common in urban economics, and is used by many

papers.

YTkz

Definition 2 Denoting %), = maxgs -« {—o—"|E[u;|F;] = u}, for p-a.e.

w € Q, a bid rent equilibrium s deﬁned by (\If“’*,cpl ,©5*) such that for



p-almost every w € €,

W () = max{W5, ()} 1

M| ELw|F] = u),if € argmax, {5},

(0,0), i j¢ argmaxj{‘l%};

arg maxe -o {

2 2 2 w w
§ Py E z“*+§ o e g O ay o r W a9y
gk — ™ jT 7Y L w w w w - )

STy + 51y S5, + 55y

ssy =0, 20" =0,207 27 =0, Vk,l=x,y, k#1 (4)

Since each household can consume housing in at most one city, the con-
sumption set is RZ UR2, and the ex post state-dependent preferences of
living in city k, k = x,y, can be specified by utilities u;, : € — Kjj, where
Kji, is a compact subset of C"(R2,R), r > 2, endowed with the weak C"
compact-open topology. Assume that for every wy, u;",f € K, satisfies for
each ¢, € R%:

(i) strict (differentiable) monotonicity: Dyujf(¢) € Ry,

(i) strict (differentiable) concavity: D, usf (¢) is negative definite, and

(iii) smooth boundary condition: the closure in R? of the upper contour set
{¢" € R, Jusi(¢') > sk ()} is contained in RY

These conditions ensure that every household’s state—dependent preferences
are smooth in the sense of Debreu (1972) for almost every state so that,
conditional on any measurable w € F and location, demands are well defined
CT! functions. Our examples satisfy these assumptions.

Although it is well-known that bid-rent and competitive equilibrium are
closely connected (see for example Fujita, 1989), known results cover only
the context of no uncertainty. If the rational expectations equilibria were

known to be fully revealing, this result could be applied state by state. We
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require an equivalence result in the context of uncertainty, especially when

the rational expectations equilibrium might not be fully revealing.

Lemma 1 Given that all households’ preferences are representable by a util-
ity function satisfying conditions (i), (ii), and (i), a triple (U<*, o¢*, @%*)
constitutes a bid rent equilibrium if and only if it constitutes a rational ex-

pectations equilibrium.

Proof. See Appendix A.

2.2 Example 1

Suppose that household 1 prefers city = more than household 2, and house-
hold 2 prefers y more than household 1, i.e., Elaf] > as and E[F7] < Bs.

In urban economics, as studied by Alonso (1964), bid rent describes a
particular household’s willingness to pay for housing in terms of composite
commodity, given a fixed utility level. Following Fujita (1989), people live
where their bid rents are maximal in equilibrium, and these bid rents are
equilibrium rents. The bid rent functions of the two households for the

housing in = and y are

Y — 6Eu1 (slx)—E[off}

Uy = max : (5)
Slz S1z
Y —t — Pwm —E[p7]
Ue, = max o) ; (6)
Y S1y Sly
Y — ug (qw \—a2
Uy = max € (s5,) , (7)
5 5%y
Y —t—e'(sy )P
V5, = max = (55 ; (8)
sajy S2y

where w € ). From first and second-order conditions, the optimal land lot
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sizes for households are

s = (L B oy o)
. [eEul(;tf[ﬁf])]E[éf]7 (10)
sy = (U0 )y (1)
g — [eui(/lijf?)]%. (12)

Recall that land sizes of city x and city y are & and ¥, respectively. From

market clearing conditions s5* = z and s, = y, we have

JY
By — 4 WY1+ Elat]Infz] - n[1 + Elat]] if household 1 lives at x;
" In[Y —¢] + E[¥]In[g] — In[1 + E[3%]], if household 1 lives at v,
(13)
- In[Y] + az In[z] — In[1 + as), if household 2 lives at x; (14)
u =
2 In[Y —t] 4+ By In[g] — In[1 4+ B,], if household 2 lives at y,

for w € Q. So the equilibrium bid rents of agents in the two cities in two

states are
Elof] Y
Uy = — L 1
Lo 1+ FElay] T’ (15)
EpY] Y-t
Por = , 16
VTR 1o
(0%) Y
Uy = . 1
2x 1 + s T ) ( 7)
g e 18
2y 1 ‘l‘ﬁQ ,g ( )

for w € Q. The equilibrium bid rents are presented in Figure 1, where the
horizontal axis represents the amount of transportation cost and the vertical

axis represents the individual bid rents.

Elofl - 92 if and only if Ela¥] > aq, given E[af] > «q, the

Since 1T E[0?] T+as

bid rent of household 1 for the housing in x is higher than that of household

11



z Y
CBD

Figure 1: The bid rent functions in Example 1.

E[B7] By
B[] < T+, if and

only if E[BY] < By, E[5}] < B, implies that the bid rent of household 1 for

2 for the housing in x in both states. Similarly, since

the housing in y is lower than that of household 2 for the housing in y in
all states. Therefore, the location pattern is verified under the conditions we
have assumed.

Notice that there is no equilibrium that fully reveals information. If in
equilibrium WHH* = QHLx £ YL — YLL* either the valuation of household
1 for the housing in city = differs in different states (in city z), which conflicts
with the assumption that household 1 has no information about the state,
or the equilibrium bid rent is determined by household 2’s valuation, which
conflicts with the assumption E[37] < (5. Notice also that We* and Wy*
depend only on the mean of oy, 3,, and the values of Y, ¢, , and 3. Therefore,

the equilibrium rents in the two cities are independent of the realized state.
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2.3 Example 2

Follow the same idea as in the previous example, but suppose that household
1 now knows the state in city y, but has no information about city . On the
other hand, household 2 knows only the state in city x, but not the state in y.
Furthermore, the states in the two cities are not correlated. That is, let Q =
Q, x Q,, where Q, = Q, = {H, L} represent the state spaces in cities z and
y. Fr={0, 0} x {0, Q) {H} {L}}, Fo = {0, Qo {H} {L}} x {0, Q} CF
are sub-o-fields representing private information. Again, the relationship
between states and prices are common knowledge.

Each household chooses to live in one and only one city. Moreover, house-
holds make their decisions simultaneously. Given an event w € 2, both
households’ utilities are state-dependent, so their optimization problems are

w w
max EU1(81z751y721x721y‘-7'—1)
Sla,87ys212,27y

= max{E[a} In(s1,) + In(z1.)|[F1], B7 In(s7,) +In(27,)}
sify_l t <Y,

w w r
s.t. peSie + PySty T 21z + 21y + RIS
1z ly

w w w w
S1x Sly - 07 S1x Zly — 07 a Sly - O’ A0 Zly — O,

w w .
S1z, 51y> ALY Zly 2 Oa

w w
L, max Eu2(82x> 82y Z2z; Z2y|f2)
52452y5%95,%2y

= max{a3 In(s3,) +In(z3,), E[3 In(sz,) + In(zy)|Fo]}
85
s.t. pwswm +p Soy + Zwm + Zoy + l—wiyw—l t S Y,
2 Yoy 2 Y 5% + S2y

w _ w _ w _ w —
Sox S2y = 0’ Sox 72y = 0’ Rox S2y = 07 Rox A2y = 07

w w .
Sz 52y> 291, Z2y 2 Oa

Note that in fact, the optimized utility of household 1 is state-dependent
(state-independent) at y (x), denoted by u4* (Eu?); ug* and Eul are similarly

defined. To present an example of rational expectations equilibrium without
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revealing private information, suppose that Eoy] > o4 and E[35] > (7, for
all w e Q.
Given these conditions, suppose that households 1 and 2 choose to live in

cities x and vy, respectively. Their bid rent functions are, Yw € €2,

_ JEuy _E[a{f}
Y —e""sy,

1
U7, = max - , (19)
z x
" Y—t—e“fsl_yﬁij
\Ifly = n;gx o , (20)
Y — 5,2
vy = max ———=— (21)
2z S2x 8255
Y — ¢t — eEuz S;E[IBS]
_ y
vs, = max . : (22)
y 2y

Thus, the optimal land sizes for household 1 and 2 are, Yw € (2,

efu (14 Elat)])

sy = [y e, (23)
R 2
= 0Dy 29
e _ [6EU2 (;—l—_f[ﬂ;])]fs[}ag]. (26)

From s%; = T and s%; = ¥, we have

In[Y] + Elof] In[z] — In[1 + E[ay]],  if household 1 lives at z;
In[Y —¢] + 7 In[y] — In[1 + 577, if household 1 lives at y,
(27)

Eui(-|F1) = {

In[Y] + a¥ In[z] — In[1 + a4, if household 2 lives at x;
In[Y —t] + E[55] In]y] — In[1 + E[55]], if household 2 lives at y.
(28)

Euy (| F2) = {

14



Again, agents’ equilibrium bid rents are

Elaf] Y

U, = T+ Eas] 2 (29)
TRl s &

where w € . The equilibrium bid rents are drawn in Figure 2, where the
horizontal axis represents the transportation cost and the individual bid rents

are represented by vertical axis.

Y

x Y
CBD

Figure 2: The bid rent functions in Example 2.

Inequalities Elaf] > of and E[F5] > (7, Vw, imply that the bid rent

of household 1 (household 2) for the housing in x (y) is always higher than

15



that of household 2 (household 1). So the equilibrium location pattern where
household 1 lives at 2 and household 2 lives at y is verified.”

Again, there is no fully revealing equilibrium in this example. Since
U7 and W7 depend only on Y, ¢, the mean of the preference parameters
and the sizes of land in cities, the equilibrium rents are constants in all
the realized states. That is, the mapping from prices to preferences is not

injective, which is the source of the non-existence of fully-revealing rational

expectations equilibrium.

3 An Open Subset of Economies without Fully
Revealing Equilibria

From the two examples, the existence of two points in the parameter space
with no fully revealing rational expectations equilibrium is shown. In this
section, we generalize the examples and show that, in economies under un-
certainty where there is no market for contingency claims contracts, the fully
revealing rational expectations equilibria cannot exist for an open set of util-
ity functions. But for all parameters satisfying specific conditions, there
exists a rational expectations equilibrium that is not fully revealing, which
will be proved in the next section.®

Suppose there are two households (j = 1,2), one landlord (j = L), and
two cities (k = z,y). Let Q = Q, x Q, be a finite payoff-relevant state space

of the economy, and every element w = w, X w, €  is termed as a state

"Even when households can observe other households’ consumptions (of housing and
composite good), given that the states in two cities are not correlated, the non-existence
of fully-revealing generalized rational expectations equilibria (GREE) still holds in this

example.
8These conditions are in fact the ordered relative steepness and the local information

conditions.
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of the economy. Every household is endowed with the same initial state-
independent endowment Y, a private information sub-o-field F; £ F, and
a state-dependent utility function u; = uj, V uj, defined on Q x (R2 UR?)
which means that households must each choose a location. Households are
assumed to maximize their conditional expected utilities, where the ex post
state-dependent preferences of living in city k are specified by w;; : ) —
Kji, where Kjj, is a compact subset of C"(R2,R) functions, » > 2, which
is endowed with the weak C" compact-open topology. For each state of
information w, the economy (Y, u$(+))}_, is a smooth economy as defined by
Debreu (1972). It is important to notice that w;j is payoff-relevant to only
., that is, we assume that people living in city k cares only the state in k.
Later, we consider the perturbations with this property being maintained.
The general optimization problem for household j with two cities, given

his/her information structure F, is:

s¥
sw SI},/la“ZZ,( S Euﬁ( jx’ jy? j£B7 jy|f)
gz gy iz gy

w

s
st pest, +pysi, + 25, + 25, +’_¢_‘t<Y,

o't <
o T Sy

siksn =0, s 25 =0, 25, 0

Stk 2k 20, VE I=um,y, k #1,

(850s 85, 2y 25,) 18 Fj-measurable. (33)

Before we prove the results, some equilibrium concepts must be defined. In
a rational expectations equilibrium, the information can be fully revealing,
which means that all households can learn the state of nature by observing
the equilibrium price and using their private information. Alternatively, the
information can be non-fully revealing in a rational expectations equilibrium,
where at least one household cannot tell the state of nature from the equi-
librium price and their private information. Their mathematical definitions

are as follows:
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Definition 3 A fully-revealing rational expectations equilibrium is a rational

expectations equilibrium such that
Fivo(¥)=F, Vje{l 2} (34)

When there is at least one j such that the above equality does not hold, we

say it is a non-fully-revealing rational expectations equilibrium.

In other words, conditioning on a fully revealing equilibrium price func-
tion is equivalent to knowing the pooled information of all households in the
economy. Though Allen (1981) proves the existence of an open and dense
subset of economies with fully-revealing rational expectations equilibrium
in the classical framework, when perturbations location-by-location are con-
sidered, Theorem 1 shows that the same statement does not hold in urban
economics. Perturbations location-by-location are defined formally as local

perturbations as follows.?

Definition 4 (Local Perturbations)

The perturbations of households’ preferences are named as local perturbations
when they satisfy that ujy, after perturbations is independent of 4, Vj = 1,2,
ViK' =1,2, K # k.

In other words, local perturbations require that each household’s utility in
k is measurable with respect to only €2;. Local perturbations is equivalent to
saying that people living in a city care only about the state in the city they
live. Local perturbations are more realistic than non-local perturbations
in urban economics, since it is not persuasive to say that the perturbed

preferences in city k& depends on the states in another city. For example,

9Throughout this paper, only the preference perturbations are considered since endow-
ment perturbations must give households more information from budget balance binding,

and information perturbations are not smooth.
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when preference perturbations are considered, in most cases, the utility of
living in Chicago is irrelevant to the circumstances in New York. Therefore,
in urban economics, it doesn’t make sense to consider non-local perturbations
as used in standard models. Throughout this paper, to highlight the distinct

essences in urban economics, we focus on local perturbations.

Theorem 1 Given a discrete state space ) with at least 2 states, consider
local perturbations of households’ preferences, there exists an open subset of

economies that possess no fully-revealing rational expectations equilibrium.

Proof. Consider example 1 first. Notice that in equilibrium, household 1’s

marginal rate of substitution for housing in city z is [al] Y . On the other

1+ E[af
hand, household 2’s marginal rate of substitution for housmg in xis g +: ’;
Let ot = oL > olH = oL and pit? LH  pHL

Since in the example Efay] > ay and E[f7] < (,, we can choose €* =

Ba—E[BY]
(BIBY1482)Y +(2+E[71+82)y

Elaf]—on
(Elof]+a2)Y+(2+Efaf]+a2)T

> 0, ¢ = > 0, and € =

€* A\ 7. Recall that the equilibrium marginal utilities in example 1 are

v* = (Dsleul,Ds1 Eul,D,,, Eul,Dz1 Eui, Dy, us3* , Dy, u3 D, us Dzzyu ).

Centered at v*, consider all perturbations of utility functions within an open

set in the weak C” topology such that

Dy, Euy € (D, Euj — €, Dy, Euj + ¢), (35)
D.,, Euy € (D,, Eui —€,D,,, Eui +¢), (36)
Dy, us5 € (Ds, us™ — €, Dy, us™ +¢€), (37)
D, us € (D, us™ —e, D, us™+¢€), k=ux,v. (38)

These perturbations are evaluated at city k, k = z,y, individually, and are
thus local perturbations. Then it can be checked that all utilities within

this neighborhood generate bid rents that are within € of the equilibrium
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bid rents in example 1. Furthermore, household 1’s realized marginal rate of
substitution for housing in city = is always higher than the marginal rate of
substitution of household 2; household 2’s marginal rate of substitution for
housing in city ¥ is always higher than that of household 1.%°

Now we can prove the non-existence of fully revealing rational expec-
tations equilibrium. Suppose for any set of preferences within these local
perturbations, there exists a fully revealing rational expectations equilib-
rium (¢7, ¢35, ¥*). Then the uninformed household (household 1) can infer
the state of nature by observing W*. However, within the perturbations, the
equilibrium bid rents are the same across states, contradicting that U* is a
fully-revealing rational expectations equilibrium price.

Obviously, a similar argument works for the cases with more than 2 states

and example 2.  Q.E.D.

Conventional wisdom says that if one household doesn’t live in a specific
city, he/she doesn’t have the information about that city. However, this
paper shows that even if one household has the information about a specific
city, if he/she doesn’t live there, the housing price in that city cannot reveal
his/her information. The arrangement of a household living in the city that
he/she is informed yields not only a information gain for himself /herself (that
he/she can maximize ex post utility instead of expected utility), but also a
information spillover to all other households that they can learn the state of
that city by observing equilibrium housing price. When local perturbations
are considered, the information spillover plays no role for the households

living in other cities. However, when non-local perturbations are considered,

0Tn city z, for example, since the lowest MRS for household 1 is %,

and the highest MRS for household 2 is %, household 1’s MRS is greater
Elaf]—as

than household 2’s MRS if and only if ¢ < ¢* = (Ela%T o) Y+ O+ Ea®TFas)5
larly, household 2’s MRS in city y is greater than that of household 1 if and only if

By —E[B7]
E[B148:)Y +(2+E[87]+82)7

Simi-

€<GB:(
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a small perturbation makes the utility in city k be relevant to the states of
all cities, then as shown in Allen (1981), generically there exists an open
and dense set of economies possessing fully revealing rational expectations
equilibrium.

Finally, we make a remark here: If there is no fully revealing rational
expectations equilibrium, an equilibrium allocation can fail to be a Pareto
optimum. Consider a variation of Example 1 shown in Figure 3. When the
probability is quite evenly distributed over €, k& = 1,2, household 1’s bid
rent for city 1 is larger than that of household 2, and household 2’s bid rent
for city 2 is larger than that of household 1. So in equilibrium, household
J lives in city 7, j = 1,2 in both states. However, in a Pareto optimum,
household j lives in city 3 — 7, j = 1,2 when w = LL. Therefore, here we get
an example with an equilibrium allocation that is ex ante but not ex post

efficient.

4 The Existence of Rational Expectations Equi-
librium

After presenting an open subset of economies that possess non-fully-revealing
rational expectations equilibrium, it is natural to ask: Can a rational expec-
tations equilibrium fail to exist in urban economics? This can undermine
the minimal requirement for further analysis in urban economics with un-
certainty. In this section, the existence of (not necessarily fully-revealing)
rational expectations equilibrium is examined, given the assumption of or-
dered relative steepness of bid-rents. First we describe how the existence of

equilibrium depends on the number of locations relative to the number of
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1 2
CBD

Figure 3: The non-fully revealing rational expectations equilibrium can fail

to be Pareto optimal.

households.!*

When the number of locations is greater than the number of households,
since each household can consume housing in at most one city, there must
exist at least one city where no household lives. In these abandoned cities,
by Walras’ Law, the price of housing is zero. Therefore, unless the trans-
portation cost is very high (or these cities are very far away from inhabited
cities), households have an incentive to move into these cities to enjoy a
higher utility.

When the number of locations is the same as the number of households,

the assumption of ordered relative steepness of bid rents ensures that every

"By contrast, in standard models, the focus is on the dimension of prices (which is the
same as the number of cities in our examples) relative to the dimension of parameters,

where the dimension of discrete state space is 0.
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location is occupied by exactly one household in equilibrium. Therefore, we
can settle households one-by-one from CBD to periphery in the order of the
slopes of their bid rents, constituting an equilibrium allocation.'? Thus, we
know ex ante what information will be revealed by equilibrium prices, so we
can add this information to the consumer’s optimization problem. The case
when the number of households is larger than the number of locations is left
to future work. This case is difficult because we don’t know ex ante where
consumers will reside in equilibrium, and we don’t know what information
will be revealed by equilibrium prices.

Before proving a theorem on the existence of equilibrium, we need to
make following assumptions on households’ bid rents. These assumptions
are standard in urban economics, for example, Fujita (1985, 1989).1% Given
a distance t from CBD, a specific state w, and a utility level u, denote

7_5)|uj = u} to be household j’s bid rent for the

sw
J

Y
Ve (t,u) = maxgy zo {

housing in the distance ¢, given w and u.'4

Assumption 1 (Ordered Relative Steepness)
Households’ bid rent functions are ordered by their relative steepnesses. That
is, given j < j' <, WY is steeper than W4,: Whenever WY (¢, u;) = W4 (¢, u;r) >

0 for some t, u; and uj, then

\I]]w(t, Uj) > \If;)/(t,u]-/) VOo<t< f, (39)

WS (t,uy) < Wi(t,uy) Vi<t and W5 (t,u;) > 0. (40)

12Without the assumption of ordered relative steepness of bid rents, we must find a fixed

point in the information structure.
131n fact, the assumption of ordered relative steepness relates to only the uniqueness of

equilibrium and makes the proof easier, but existence of equilibrium in urban economics
can be proved without this assumption when there is no uncertainty, see Fujita and Smith

(1987).
M Notice that though cities are discrete points on the distance line, households’ bid rents

are in fact continuous functions of the distance from CBD.
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The assumption of ordered relative steepness ensures that given arbitrary
levels of utilities for two agents, their bid rents can cross in at most one
point as shown in Figure 4; In equilibrium, must cross at one and only one
point. For example, Cobb-Douglas utilities in Example 1 and 2 satisfy the
assumption of ordered relative steepness, and so do quasi-linear utilities. In
what follows, we prove the existence of rational expectations equilibrium

given the assumptions of ordered relative steepness and local information.

Y

CBD

Figure 4:  When households’ bid rents satisfy ordered relative steepness

assumption.

4.1 When households have local information

Given that there are n households indexed by 7 € N = {1,...,n}, and n
cities, k € K = {1,...,n}, indexed by the order of increasing distance from

the CBD. That is, recall that T denotes the commuting cost from city k to
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CBD,0<Ti <1, <..<T, <Y is assumed to ensure that there is no
vacant city. Denote 3; to be the land supply in city k. Also let 5 = o(2%) X
(Xp2k{®, Q }), which is the o-algebra indicating that only the state in city &
is comprehended and all states in other cities are completely unknown. Since
the settings of examples highlight the required condition for the existence of
non-fully revealing rational expectations equilibrium, in what follows, we

focus on the cases when households have local information.

Definition 5 (Local Information)
For every household j such that 6, C F;, there ezist wy,w), € Qy, wi # Wy,

such that the realized marginal rate of substitution is the same for wy,w) €

i, V5" # 5, ush #

The notation ¢, C F; says that F; is finer than ;. The intuition of
the assumption of local information is that for the household who owns (at
least) the information of city &, his/her marginal rate of substitution in city
k is independent of (at least) two realized states. However, to ensure that
his/her information is not trivial, we need the second part of the assumption
which implies that his/her information about city k& does matter for some
household else. Define Fjy = F; A ({0, Q}), that is, Fj; is the partition
indicating that only household j’s information about city k is revealed, while
his/her information about other cities are not revealed. Hence, &5 C Fjis
equivalent to fjk = 0} in presenting that household j has local information
about city k. Now, we can discuss the relationship between local information

and the existence of equilibrium.'

Theorem 2 When any information is local, given Assumption 1, under

generically local perturbations, there exists a unique non-fully revealing ra-

15There exists a stronger condition for the first part of Theorem 2, Efuj;|F;] =

Eluj|F;1], which is sufficient but not necessary for local information.
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tional expectations equilibrium such that, for k € {1,...,n},

Ui (u) = Wi (u) = max { [ Fia] = u}; (1)

w w
Skk*kk Lk

_ o gl o ;i
o () = (8k, Y =T — Vg™ (u) 5x), if j=k, (42)
(0,0), if j#k;

and the equilibrium utility level u** can be solved by

W (u™) = (43)

Do Buge logr ()
Proof. First, given Assumption 1, every city is occupied by exactly one
household; otherwise, there exists an empty city with zero housing price (by
Walras’ Law) where all households will move. Second, by Lemma 1, the
rational expectations equilibrium corresponds to the bid rent equilibrium.
Since household 1 has the steepest bid rent, from equation (1) in Definition
2, he/she must occupy the housing in city 1 in equilibrium. After settling
household 1, we can consider the problem as the one with n — 1 households
(j € {2,...,n}) and n — 1 cities (k € {2,...,n}). Then, household 2 has a
steeper bid rents than remaining households, so he/she wins the housing in
city 2. Following the same logic, in equilibrium all households are arranged
that household j lives in city j, or say, city k is occupied by household k, and
no one has an incentive to deviate. This is a standard argument in urban
€conomics.

As shown in Figure 5, given that household k is located in city k, the
intercept of budget line Y — T}, and the housing supply S, are determined by
parameters. Now, given arbitrary u, the slope of budget line U¢*(u) and thus
the corresponding %y (u) is uniquely determined (by the cross point of budget
line and 5;). Furthermore, given consumption point %5 (u), since households’
preferences are smooth, the slope of the indifference curve passing through

©¢r is uniquely determined. Finally, the equilibrium utility level (and the
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Qibri housi L L w Do Eugg
equilibrium housing price in city k) is given by ¥¢*(u) = Do B | ey

. . DS(U EUkk . rE
as shown in Figure 4. Let f(u) = Uy*(u) — k& w’ since U¢* and
P (u

marginal rate of substitution are continuous in w, f(u) is continuous in u.

D,w Eu
2k kk

At E, f(u) < 0 since U%*(u) = 0 at E. Given 5, > 0, by smooth boundary

. Do Eupp L .
condition, 5Ai—0 Tk — 0 as 2, — 0, which implies that Ju such that
ek Lor(u)

f(u) > 0,Vu < u. Therefore, by the intermediate value theorem, there exists
a u™ solving f(u) = 0 and thus there exists a rational expectations equilib-

rium. The uniqueness of equilibrium can be guaranteed by the condition that
D,w Eugy
kk

w is increasing with w, which is true when the consumption of
Pir (u
housing is a normal good as shown in Fujita and Berliant (1992).

D,w Eugy
Es kk

w
Rk
o ................. E
\\\\\ \\
\\\\\ ;
Wik N AU
S
_ u*
Wk (U**j E
b : | kk
| Sk

Figure 5: The determination of equilibrium housing price and equilibrium

utility for household k in city k in state w, k € {1,...,n}.

When every information is local, we want to prove that the unique rational

expectations equilibrium is non-fully revealing. Suppose the equilibrium is
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fully-revealing, then choose arbitrary k, we can have
TR = U £ P = U Yy, W), € . (44)

However, for household % (living in city %k in equilibrium), either 6, C F;
or 6, ¢ F; is ture. When 6, C Fj, (44) contradicts with the condition
of local information. When 4 ¢ F;, Jwy,wj, € Qi such that Efu;,|F;] is
the same for these two states. From (41) and footnote 13, it is shown that
Jwy, wy, € Q, Uik = \If:;,;, a contradiction with (44). In fact, these non-fully
revealing equilibrium prices reveal completely nothing in equilibrium.

From (44), for any pair wy,w) € , without loss of generality, we can
have W.F > \If;:é Then there exists € = min{(|V;} — \IJ:]%Dwkwgcer} such
that for all economies under local perturbations less than €, there exists a

unique non-fully revealing rational expectations equilibrium. @Q.FE.D.

Local information is sufficient but not necessary for the existence of a
non-fully revealing rational expectations equilibrium. An example is shown
in Figure 6, where household 1 (2) has full information about city y (z) and
in city = (y) a quasi-linear utility in the composite goods. On the other hand,
a necessary and sufficient condition for the states in city k£ being revealed is
that for household j such that 6, C Fj, (i) the realized rate of marginal
substitution are not the same, Vw € ; (ii) 7 = k, which implies that in

equilibrium, by Assumption 1, household j lives in city k.

Lemma 2 Given Assumption 1 and consider local perturbations, when &5 C
Fr and the condition of local information is violated for household k, then
there exists an open subset of economies that in any rational expectations

equilibrium, at least the state in city k is revealed.

Proof. When local information condition is violated, since o5, C F;, the real-

ized marginal rates of substitution are different Vw; € €2;,. From Assumption
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CBD

Figure 6: When every information is non-local, we can still have a non-fully

revealing rational expectations equilibrium.

1 and Lemma 1, it is shown that in the rational expectations equilibrium, the
yielded bid rents are different for all states. Consider an open subset of local
perturbations such that household £ lives in city k in equilibrium, it is proved

that in any equilibrium, the state in city k is revealed for sure. Q.FE.D.

Theorem 3 Given Assumption 1 and consider local perturbations, when the
condition of local information is violated for all households, given &y C F,
Vk, there exists an open subset of economies that possess a unique fully re-
vealing rational expectations equilibrium; On the other hand, if 3k such that
o1 € Fr, then there exists an open subset of economies that possess a non-

fully revealing rational expectations equilibrium.

This theorem is directly implied by Lemma 2 for all households. When

the condition of local information is violated, households’ realized marginal
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rates of substitution are precise enough in distinguishing different states;
furthermore, ordered steepness of bid rents ensures the existence of a loca-
tion equilibrium and 75 C Fi, Vk, ensures that in equilibrium the informed
households are exactly living in the cities that they have information about.
Therefore, under local perturbations and centered at Example 2 where house-
holds’ information o-algebra are switched, it can be checked that there exists
an open subset of economies possessing fully revealing rational expectations
equilibrium. On the other hand, similar to the proof of Theorem 1, when
there exists a household such that 6, ¢ Fy, from Lemma 2, there exists
an open subset of economies that possess a at best partially revealing ratio-
nal expectations equilibrium where the state in city £ cannot be revealed in
equilibrium.

As discussed in the beginning of this paper, in most cases in reality, the
households in city k£ have information that others don’t have. This means
that though 6, C Fj, Vk, is tight in analyses, it is a more realistic condi-
tion, especially when a long-run equilibrium is concerned. Moreover, since
an open subset of fully revealing and an open subset of non-fully revealing
economies are found in Theorem 3, it is shown that in fact, both the sets of
fully revealing and non-fully revealing economies cannot be dense under the
structure of urban economics.

Finally, it can be noticed that all Theorem 1, 2, and 3 are under the con-
sideration of local perturbations and emphasizing the existence of an open
subset of non-fully revealing rational expectations equilibrium economies, for
non-fully revealing equilibrium is more interesting in highlighting the positive
value and the strategic behavior of information. On the other hand, when
non-local perturbations are considered, though they are not so reasonable in
urban economics, the results are immediately the same as the ones in stan-

dard general equilibrium models. That is, there is an open and dense subset
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of economies that possess a fully revealing rational expectations equilibrium.
All the results can be summarized in Table 1: Though local perturbations
ensure the existence of a non-fully revealing rational expectations equilib-
rium, the condition of local information is needed to ensure that the unique
rational expectations equilibrium is non-fully revealing.

From above, since these “local properties” are the sources for the generic
existence of an open set of non-fully revealing rational expectations equilib-
rium, it is concluded that location, together with local properties, can play a
role in distorting the efficiency of market prices in transmitting information
from informed to uninformed households. On the other hand, in economic
circumstances where there is no location structure and no local property, the

efficiency of prices in information transmission is generically maximized in

equilibrium.
Local perturbations Non-local perturbations
Local information An open subset of An open and dense subset
non-fully revealing REE  of fully revealing REE
(Standard model)
Non-local information | Open subsets of An open and dense subset
fully revealing REE and of fully revealing REE
non-fully revealing REE (Standard model)

Table 1: Summary of the types of rational expectations equilibria for different

perturbations and different information conditions.
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5 Conclusions

Allen (1981) proves the existence of an open and dense subset of standard
economies that possess revealing rational expectations equilibria. Since an
open subset of economies without fully-revealing rational expectations equi-
librium is found in Theorem 1, this paper shows that Allen’s theorem about
the existence of a dense subset of economies possessing fully-revealing rational
expectations equilibrium does not extend to urban economics. Furthermore,
since an open subset of economies with fully revealing rational expectations
equilibria can easily be constructed, we cannot challenge the existence of an
open subset of economies that possess fully-revealing rational expectations
equilibria in the context of urban economics. Therefore, both the sets of
fully revealing and non-fully revealing economies cannot be dense under the
structure of urban economics.

Furthermore, this paper highlights the important “local properties” for
the existence of rational expectations equilibria in urban economics. Under
generically local perturbations, the existence of a unique rational expecta-
tions equilibrium is proved with the assumption of ordered relative steep-
ness and the local information condition. Either the rational expectations
equilibrium is fully revealing or non-fully revealing depends on where the
informed households live. When the city that their information is relevant
with matches with the city where they live, the rational expectations equi-
librium is fully revealing; Otherwise, the rational expectations equilibrium
is non-fully revealing. In summary, location and local properties can play a
role in distorting the efficiency of market prices in transmitting information
from informed to uninformed households.

One potential extension of this paper is to replace households to be firms,
who can own fractions of the stocks of other firms. In this case, even when

firms are not located in the cities they are informed about, similar to Berliant
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and De (1998), their demand for other firms’ stocks and the equilibrium
stock prices will reveal their private information. Another extension is to
consider a continuum of households, however, the strong intuition that the
mismatching of local-informed households and the corresponding locations
yields an open subset of economies possessing non-fully revealing rational

expectations equilibrium.
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Appendix A. Proof of Lemma 1

Comparing Definition 1 and Definition 2, since condition (iii) is the same
as equations (3) and (4), we need to prove that conditions (i) and (ii) are
equivalent to equations (1) and (2).

First, to prove this, given that (1) and (2) are satisfied but either (i) or
(ii) are not true, we want to show contradictions. If (i) is not true, there
exists o C Q with 11(€) > 0 such that Y3 (w) - i (w) > Y =T}, Vw € Q.
Then for these w € €2, we can have Wi*s¥r + 257 > Y — Tj, which implies

Y > Y_T’+zf’“ Vw € o,
4y
a contradiction with (1), chosen a utility level the same as the optimalized
level by Definition 1 (u = u*).
On the other hand, if (ii) is not true, then 35 € {1,2} and 3¢ (w) within

the budget constraint such that

/Q“Z-’(%OQ-) dp(w|F; V o (T7)) > /Qu;’(soj-) dp(w|F; v o (). (45)

For this household j and for city k& where he/she lives, we can choose u = u*,
and then by strict concavity and strict monotonicity, there exists e > 0 and

©i(w) = w — e such that Elu(¢]|F;)] = u*. Since ¢p(w)pfi(w) <

1" "
o Y —Tj—z% v Y—Typ—2% "
Y — T} implies U¢* < ———~% let V¢ = ——2, we find Uy > UY* for
Sjk Sjk

a given u = u*. It is proved that 3 does not maximize W5y, a contradiction
with equation (2).

Secondly, given (i) and (ii) are true, but either (1) or (2), is not satisfied,
we want to prove that there exists a contradiction. If (1) does not hold, there
exists k and j such that W3, > W* but j does not live city k. Then for this
household j, since he/she can pay less for the housing in k than the price
that makes he/she indifferent between the housing in two cities, household j
has an incentive to move into city k, a contradiction with condition (ii) that

¢ maximizes j’s conditional expected utility.
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If (2) does not hold, since the budget line with W4 is not tangent with the

. . . . . W' Wk
difference curve for a given u, by strict concavity, there exists % # % such

/
Pin 5
2

that Elu(¢}|F;)] = u*. By strict concavity again, choose gpg’,;' = , then
<p;-’,;’ is available for household j to achieve Efu(¢f|F;)] > u*, a contradiction

with (ii) that ¢} maximizes household j’s expected utility.
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